We calculate the moments of the Meyer-König and Zeller operators in terms of elementary functions and polylogarithms.
Introduction
The operators of Meyer-König and Zeller [6] in the slight modification of Cheney and Sharma [4] , defined by
(also called Bernstein power series, or briefly MKZ operators) were the object of several investigations in approximation theory. Let e r (x) = x r denote the monomials. The moments of the MKZ operators are given by (M n e r ) (x). They are starting point for several studies of their approximation properties.
In 1984, J. A. H. Alkemade [3] found a representation of the second moment
in terms of hypergeometric functions. The way of deriving this expression is based upon a differential equation which is satisfied by the right-hand side of (1). 3)] observed that the second moment is an elementary function and found an explicit representation of (M n e 2 ) (x) in terms of the logarithm and rational functions. Entering 2 F 1 (1, 2; n + 2; x) into a computer algebra software (Wolfram Mathematica Version 9), for small values of the integer variable n (up to n = 9), one obtains explicit expressions of the form
The command Simplify reveals the second sum to be a multiple of (1 − x) n+1 x −n−1 . This is by no means surprising:
Therefore, it can be expected that 2 F 1 (1, 2; n + 2; x) has a representation in terms of logarithmic functions log (1 − x) and rational functions.
The purpose of this note is to provide a short and direct proof of this fact. It follows by a more general representation for arbitrary MKZ moments in terms of polylogarithmic functions. The proof uses only the definition (1) of the MKZ operators. We mention that an integral representation for (M n e r ) (x) can be found in [1] . It is useful when studying the asymptotic properties of the MKZ operators (M n f ) (x) for smooth functions f as n tends to infinity (see [2] ).
Results
For s = 0, 1, 2, . . ., put g s (x) = (1 − x) s . Obviously, M n g 0 = e 0 . For s, n ∈ N, we obtain
is the polylogarithm. Using e r = r s=0 (−1) s r s g s we obtain the following result. Theorem 1 For r, n ∈ N and |x| < 1, the moments of the MKZ operators have the representation
Applying the well-known (elementary) relation (d/dx)Li s (x) = x −1 Li s−1 (x), for s ≥ 2, one can reduce the terms Li (n) s (x) to certain derivatives of Li 1 (x). Note that Li 1 (x) = − log (1 − x) is an elementary function. As an immediate consequence all moments of the MKZ operators can be represented in terms of polylogarithms and rational functions. In particular, we have, for n ∈ N,
In the special case r = 1 we recover the well-known fact that MKZ operators preserve linear functions:
In the special case r = 2 we obtain 
